We perform numerical fits of Grand Unified Models based on SO(10), using various combinations of 10-, 120-and 126-dimensional Higgs representations. Both the supersymmetric and non-supersymmetric versions are fitted, as well as both possible neutrino mass orderings. In contrast to most previous works, we perform the fits at the weak scale, i.e. we use RG evolution from the GUT scale, at which the GUTrelations between the various Yukawa coupling matrices hold, down to the weak scale. In addition, the right-handed neutrinos of the seesaw mechanism are integrated out one by one in the RG running. Other new features are the inclusion of recent results on the reactor neutrino mixing angle and the Higgs mass (in the non-SUSY case). As expected from vacuum stability considerations, the low Higgs mass and the large top-quark Yukawa coupling cause some pressure on the fits. A lower top-quark mass, as sometimes argued to be the result of a more consistent extraction from experimental results, can relieve this pressure and improve the fits. We give predictions for neutrino masses, including the effective one for neutrinoless double beta decay, as well as the atmospheric neutrino mixing angle and the leptonic CP phase for neutrino oscillations. *
INTRODUCTION

Introduction
The origin of fermion masses and mixings is a long-standing question in elementary particle physics. Among different frameworks to address this problem, theories unifying strong and electroweak interactions as well as -partly or completely -quarks and leptons offer very attractive solutions. Particularly intriguing are models based on SO(10) symmetry.
In SO(10) all Standard Model (SM) particles of one generation plus a right-handed neutrino are assigned to a single 16-dimensional representation. The masses of the fermions arise from Yukawa interactions of two 16s with suitable Higgs fields when the latter develop vacuum expectation values (VEVs). Since [1, 2] 16 ⊗ 16 = 10 S ⊕ 126 S ⊕ 120 A ,
the 
After spontaneous symmetry breaking the fermions obtain the masses [2] [3] [4] [5] M u = v represent the parts of the VEV (or combination of VEVs) of the Higgs fields that are important for the respective particle type. Eqn. (3) holds at the scale of SO(10) symmetry breakdown, henceforth referred to as M GUT = 2 × 10 16 GeV. Fermion masses and mixings are measured at much lower energies, e.g., at M Z ≈ 91.19 GeV. Hence, to fit the parameters of a model to the data, one has to use renormalization group evolution (RGE) to obtain the model predictions at M Z .
As obvious from Eqn. (3), in SO(10) all fermion mass matrices are related since they are combinations of the same Yukawa matrices. A numerical fit, taking into account these relations, and comparing to the experimentally determined observables, can test different SO(10) models for phenomenological viability. In this paper we will perform such tests.
INTRODUCTION
In this regard we consider several classes of SO(10) models, differing in the choice of Higgs representations. A minimal model with only one Higgs field is phenomenologically not viable since all fermions are then proportional to the same Yukawa matrix and are hence diagonal in the same basis, resulting in no mixing between up-and down-quarks or between charged leptons and neutrinos. A 126 H field is required for neutrino mass generation via a seesaw mechanism. We consider models that additionally contain either a 10 H , or a 120 H , or both a 10 H and a 120 H . More model-dependent effects of intermediate scales are neglected in our study. We analyze supersymmetric versions of the models as well as models without SUSY.
Fits of SO(10) models along the lines presented in this paper have of course been performed before [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Our approach is different from previous works in the following aspects:
1) Firstly, we perform a full renormalization group evolution and fit the models to the experimental data at µ = M Z . This means that we start from Eqn. (3) , evolve the observables down to M Z , and compare at that scale with available experimental data. In contrast, previous studies either did not include renormalization effects at all [6, 7] , or evolved experimental values up to M GUT [10] [11] [12] [13] [14] and fitted that data at µ = M GUT . The latter procedure introduces the following issue: to evolve observables from M Z to M GUT , certain high-energy model details (such as Yukawa couplings) have to be known, since they have an impact on the running of observables (this has been demonstrated long ago, e.g., for the m b /m τ ratio [17] ). However, exactly these model details are varied while the fit is performed. Our approach is therefore more consistent.
2) Secondly, when performing our fits we take into account effects coming from nondegenerate right-handed neutrinos, ν R i , with mass M i -an issue which is commonly neglected in fits to GUTs. When performing the RGE one has to integrate out the heavy neutrinos at appropriate energies. Since ν R i can be highly hierarchical one has to integrate them out one by one at µ = M i (M i ) (as opposed to integrating out all at once at a common seesaw scale). This produces several effective field theories (EFT) during RGE -one EFT per heavy degree of freedom which is integrated out -with different running behavior of the parameters. Treating non-degenerate ν R i correctly can have sizable effects on neutrino parameters as has been demonstrated in Ref. [18] . For our analysis we apply the method described in Ref. [18] and integrate out ν R i at appropriate energies. Besides yielding more trustworthy results, a more precise analysis that takes into account RGE also leads to more reliable predictions of experimentally undetermined observables like the effective neutrino mass governing neutrinoless double beta decay or the leptonic CP violating phase δ l CP . To show the impact of our more rigorous treatment of RGEs, we will fit the models also when we evolve the experimental values up to M GUT , fit those values at that scale, use the low energy neutrino parameters and ignore the effects of non-degenerate right-handed neutrinos (denoted in what follows as "no RGE").
3) The inclusion of RGE allows us to consider the Higgs mass in the analysis of non-SUSY models, since it is related to the other observables via the RG equations (described in detail in Sec. 3.2). As well-known, and expected, from vacuum stability bounds, requiring that the Higgs quartic coupling remains positive puts pressure on the fits due to the large value of the top-quark mass. We demonstrate the effects on the fits by using a lower value for the top-quark mass and by leaving out the Higgs mass, respectively. The fits are shown to improve considerably.
4)
Finally, more precise data in the neutrino sector is now available, most notably through the discovery of a non-zero reactor mixing angle [19] [20] [21] .
Our fits will assume dominance of the type I seesaw, and will be performed for both possible neutrino mass orderings, as well as for the non-supersymmetric and supersymmetric cases. The paper is build up as follows: In Section 2 we will describe the different models that we fit, and in Section 3 give some details on the fit procedure and the observables that need to be reproduced. Section 4 describes the results of the fits, before we conclude in Section 5. The appendices contain for completeness the best-fit parameters of the Yukawa matrices, and the β-functions necessary for the RG evolution.
Model Details and Previous Work
We now simplify the notation and rewrite Eqn. (3) as [3, 4, 13, 14] :
where the Yukawa matrices Y i are the mass matrices M i from Eqn. , and Y 120 , respectively, i.e., H and F are symmetric and G is anti-symmetric. The parameters s, t u , t D , t l are complex, whereas r, r R can be chosen real without loss of generality [14] . We have omitted the type II seesaw term (compare to Eqn. (3)) since we assume for definiteness that the type I seesaw term dominates. We will consider supersymmetric (SUSY) as well as non-supersymmetric SO(10) models. In non-SUSY SO(10) the 10 H can be chosen real, but one can argue that this will not lead to a viable particle spectrum [22] . Taking the 10 H to be complex, its real and imaginary parts can couple separately to the fermionic 16 and will lead to two independent Yukawa matrices. To avoid this complication in the case of non-SUSY SO(10), we impose an additional Peccei-Quinn U(1) symmetry [23] as described in Refs. [14, 22, 24] . In this case Eqn. (4) is valid both in the case of non-SUSY as well as SUSY SO(10).
We now define the different models which we want to test for viability using experimental data on fermion masses and mixings. The first differentiation between the models concerns their Higgs content. We consider two minimal setups with 10 H + 126 H or 120 H + 126 H and a setup with 10 H + 126 H + 120 H . We refer to the 10 H + 126 H setup as "MN" ("MS") and to the 10 H + 126 H + 120 H setup as "FN" ("FS") in case we consider the non-SUSY (SUSY) versions of the models (M stands for "minimal", F for "full", N for "non-SUSY", S for "SUSY"). The non-SUSY 120 H + 126 H setup was argued, based on an analytical two generation approximation, to be an attractive minimal model to describe fermion masses and mixings [22] . The three generation non-SUSY setup case was later shown to be not successful [14] . We analyze this setup numerically within our approach, and confirm that it cannot reproduce the observed data, see below. The SUSY case is also analyzed by us, to the best of our knowledge for the first time, and shown not to be a valid model either. More details on the models are given in the following subsections, the main features are given in Tbl. 1.
Our analysis involving RGEs that integrate out the individual heavy Majorana masses is quite CPU-intensive. For this reason we are forced, in the present paper, to ignore some complications arising in SO(10) models:
The Higgs representations mentioned above are not enough to break SO(10) down to the SM. Therefore further Higgs representations are necessary (see also Ref. [16, 25] for recent analyses). In case of non-SUSY models a minimal choice would be to add one 45 H [26] and in case of SUSY models one 210 H [27, 28] . Furthermore, in SUSY models one needs additionally a 126 H which keeps SUSY from being broken by D terms [28] . Since our analysis including the RGEs is already quite involved, we ignore details of different viable breaking chains, which would induce new scales, RGEs, parameters, etc. Effectively we therefore assume that intermediate symmetries are close to M GUT and the running of parameters between these scales and M GUT is not sizable. Hence, the relevant information for our analysis is the Higgs content given in Tbl. 1 and Eqns. (3) or (4), together with the beta-functions of the SM or MSSM as given in the appendix.
Gauge coupling unification also depends on the breaking chain and the values of intermediate scales. E.g., in the minimal non-SUSY model based on 10 H + 126 H , it has been shown that with Higgs VEVs of 45 H and 126 H around 10
14 GeV [26, 29] (i.e. suitable to reproduce the neutrino mass-squared differences via seesaw) gauge coupling unification can be achieved [30, 31] . In contrast, for the SUSY version of the minimal model it has been shown [32] that reproducing known values of neutrino mass-squared differences leads to light states which spoil gauge coupling unification. Since we do not analyze the details of SO(10) breaking, we will also not be concerned with the unification of gauge couplings. In our fit the gauge couplings (whose 1-loop RGE do only depend on themselves) are chosen at the GUT scale such that they reproduce their measured values at M Z .
The results that we will obtain in this paper are therefore all under the assumption of negligible effects coming from intermediate scales M I . Those are typically of order 10 10 to 10 11 GeV, and the running from the GUT scale to M I involves 6 orders of magnitude, while from M I to M Z involves 8 orders of magnitude. Moreover, the gauge couplings influence 
As the values of the fitted observables are the same current values that we are using, this analysis is the one we should compare with. In our language, the fit in [16] is "no RGE" within model MN. With four free parameters less than we have (the charged lepton masses and r R are not fitted), the χ 2 -minimum is 17.4, compared to 1.1 in our case. Large part of the difference of the χ 2 -minima can be attributed to the requirement that the baryon asymmetry as generated by thermal leptogenesis is included in the fit of Ref. [16] . Performing the fit without the baryon asymmetry indeed gives χ 2 min ≃ 1, in very good agreement with our result. As in our case, an inverted hierarchy is not possible. Regarding predictions, the atmospheric neutrino mixing parameter sin 2 θ 23 is 0.353 in [16] , and 0.406 here. Both approaches predict it to be somewhat low, and cause some pressure on the fits. With r R not fitted in [16] , the predictions for the neutrino masses are not really comparable, but agree within factors of a few. It seems that, at least in this particular example, the main features of the fits are stable with respect to the intermediate scales. There can apparently be shifts of the χ 2 , but no dramatic shifts that cause a particular model to be ruled out with intermediate scales while being allowed without. We should stress however that we cannot guarante this for all models under study.
In what follows we will describe the properties of the models that we fit, summarizing shortly the results.
Minimal Model with 10 H + 126 H (MN, MS)
In this model we do not have a 120 H , hence G = 0 in Eqn. (4) . To count the number of free parameters we choose a basis in which H is real and diagonal, which leaves us with 19 real parameters: 3 in H, 12 in F (complex symmetric), and 4 in r (real), s (complex), and r R (real) (assuming type I seesaw dominance).
There is a plethora of literature about the supersymmetric version of this model [14, 24, [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] , which is often referred to as the "Minimal Supersymmetric Grand Unified Theory" (MSGUT)
1 . Literature analyzing the non-supersymmetric version also exists [14, 15, 22, 26, 29, 51] . The predictivity of this model has been pointed out first in [24] . All authors analyzing the fermion spectrum neglect details of the RGE which affect the running of observables between M Z and M GUT , as described in Sec. 1.
Results: In case of an inverted neutrino mass hierarchy both the non-SUSY as well as the SUSY versions of this model are not able to reproduce the data. In case of a normal hierarchy without including RGE, model MN (non-SUSY) gives a good fit to fermion masses and mixing angles. Including RGE and fitting in addition the Higgs mass leads to tension and a somewhat unsatisfactory fit. The top-quark mass is 3.4 σ too small at its best-fit point. This is related to its influence on the Higgs quartic coupling, whose positivity till the GUT scale requires a smaller top-quark mass than measured. If the top-quark mass was lower, as sometimes argued to be the result of a more consistent extraction from the data [52] [53] [54] , the fit improves. In addition, the leptonic mixing angles θ This model is analytically analyzed in Ref. [22] in the case of only two fermion generations (second and third) and argued to be viable and predictive. A numerical three generation analysis finds the model to be unable to fit fermion masses and mixings [14] . To provide further evidence for this result we perform a fit of this model. In addition to the normal neutrino mass hierarchy considered in Ref. [14] , we also try to fit the inverted hierarchy. Further, we include full RGE into our analysis, which has not been done in previous studies. Moreover, we also attempt to fit the SUSY version of the model, which to the best of our knowledge has not been done before.
Results: We confirm with our more consistent fit approach that this class of models is not compatible with data on fermion masses and mixing angles, irrespective of the neutrino hierarchy or whether they are supersymmetric or non-supersymmetric.
Model with "full" Higgs Content 10 H + 126 H + 120 H (FN, FS)
Without additional constraints, we would have the maximal number of parameters in this model. One can however considerably reduce the number of parameters by assuming all parameters to be real. This can be motivated or derived from an underlying parity symmetry [55] or spontaneous CP violation [56] . If CP is violated spontaneously solely by purely imaginary VEVs of the 120 H , this corresponds to taking all parameters in Eqn. (4) to be real. We will use the model with this reduced number of parameters and refer to it as "FN" in the non-supersymmetric case and as "FS" in the supersymmetric case. In a basis with real diagonal H (3 parameters) we count 6 parameters in F , 3 in G, and 6 in r, s, t u , t l , t D , r R , altogether 18 parameters. So in spite of introducing 120 H in addition to 10 H and 126 H , through the additional constraints this model has one parameter less than the "minimal" one. Therefore some authors refer to the SUSY version of this model as the "New Minimal Supersymmetric GUT" (NMSGUT) [57] .
As in the minimal model there is a large amount of literature coping with the ability of the SUSY version of this model to reproduce the fermion spectrum and mixing [11, 13, 14, 41, 46, [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] . Without invoking supersymmetry, this model is analyzed only in Refs. [14, 66] .
Results: This class of models gives good fits to the data for both the normal and inverted neutrino mass hierarchy. For the fits of the non-SUSY version of this model the Higgs mass still leads to the top-quark mass being too small at its best-fit point, in this case 3.3 σ with normal neutrino mass hierarchy and 3.5 σ with inverted hierarchy, in analogy to the situation mentioned for model MN in Sec. 2.1. Again, for a smaller top-quark mass the fits improve. If the fits include our rigorous treatment of RGEs, they worsen for the non-SUSY case, and to a lesser extent also in the SUSY case.
Details of the Fitting Procedure
We fit the models to experimental values of the masses of quarks and charged leptons, mass-squared differences of neutrinos, and mixing angles of quarks (including δ CKM ) and leptons. The quark and charged lepton masses at M Z are taken from Ref. [9] . Since the masses of charged leptons are measured with a very high accuracy that goes beyond our 1-loop RGE analysis, and since furthermore such precise values make a numerical fit very challenging, we assume an uncertainty of 5 % for these observables when fitting the models to the data. For the neutrino observables we neglect the running below M Z and take the values from Ref. [67] 2 . To check our numerical algorithm we also make fits without RGE as in Ref. [14] . That means, as explained in Sec. 1, we ignore the effect of non-degenerate right-handed neutrinos and take experimental values of observables at µ = M GUT as given in Tbls. 3 and 4, and fit the GUT-relations to those numbers. Note that to simplify the fitting procedure we symmetrized the error bars around the best-fit value whenever they were not symmetric. This will not have a large effect on the fits, since strongly non-symmetric errors are present
Observable
Exp. value
0.055 ± 0.0155
2.89 ± 0.09
0.619 ± 0.084
171. 0.023 ± 0.0023
0.48657 ± 0.02433
1.74624 ± 0.08731 Table 2 : Experimental values of observables at µ = M Z used for our fits. The quark and charged lepton masses are taken from Ref. [9] , quark mixing parameters from Ref. [14] , neutrino mixing parameters from Ref. [67] (table 1, second column). A 5 % uncertainty is assumed for the charged leptons, as explained in the text. The value of the Higgs quartic coupling λ is derived from the measurements of ATLAS [70] and CMS [71] as explained in Sec. 3.2. Note that in our convention the Higgs self-interaction term in the Lagrangian is −
only for the light quark masses where the uncertainty is large anyway. Finally, we perform separate fits for both a normal hierarchy (NH) and an inverted hierarchy (IH) of the neutrino masses (see Sec. 3.1). We collect the values of observables underlying our analysis in Tbls. 2, 3 and 4. To fit the model parameters to the observables we minimize 
2 to the definition of χ 2 , where the denominator is a very small artificial uncertainty to let the minimization algorithm converge to a minimum. If O itself was part of the definition of χ 2 in Eqn. (5), then its term with the experimental uncertainty is removed. After performing the minimization of the so defined χ 2 -function, one evaluates with the parameters obtained from that fit χ 2 as given in Eqn. (5), i.e. without the contribution of the artificial error, but including the contribution of the real experimental uncertainty. This method was previously used in Refs. [14, 32, 56] .
For the minimization we use the downhill simplex algorithm [72, 73] 1.68558 ± 0.08428 Table 3 : Experimental values of observables at µ = M GUT [14] used for non-SUSY fits without RGE. For mixing parameters as well as neutrino mass-squared differences the same values as in Tbl. 2 are used. A 5 % uncertainty is assumed for the charged leptons, as explained in the text.
from the GNU Scientific Library [74] , which also provides useful functions for numerical matrix diagonalization and for solving differential equations numerically. The parallelized computations are performed on the computer cluster of the Max-Planck-Institut für Kernphysik, Heidelberg, where up to 1700 CPU cores can be used. Let us stress a general caveat of numerical minimization. The problem at hand is nonlinear and multidimensional -therefore many local minima exist. With numerical algorithms it is impossible to determine whether a minimum is a global minimum of the function under consideration. A standard procedure to increase the confidence that a global minimum out of the many local ones has been found is to start the minimization many times with different initial parameters and to choose the lowest out of the many local minima that will be found. Furthermore one can perturb a minimum and restart the minimization from the perturbed point [73, 74] . These steps can be repeated many times until no improvement of the minimum is found any more. Both methods are used by our program.
Neutrino Data
In the neutrino sector the absolute mass scale is experimentally not yet determined. At present, only the solar mass-squared difference ∆m 2 21 and the absolute value of the atmospheric mass-squared difference |∆m 2 31 | are known [67] ,
where NH (normal hierarchy) and IH (inverted hierarchy) refer to two currently viable situations with m 1 < m 2 < m 3 and m 3 < m 1 < m 2 , respectively. Furthermore, we symmetrized the uncertainties, as explained before.
Besides the different signs and values of ∆m 2 31 , also the neutrino mixing parameters have different preferred values depending on which mass hierarchy is assumed [67] [68] [69] 94.7 ± 9.4 94.7 ± 9.4 92.2 ± 8.7 Table 4 : Experimental values of observables at µ = M GUT [14] used for SUSY fits without RGE. The ratio of solar to atmospheric neutrino mass-squared difference is calculated from their values at µ = M Z as given in Tbl. 2. The top-quark mass m t and the tau mass m τ at µ = M GUT for tan β = 50, 10 are taken from Ref. [9] , the values for tan β = 38 are interpolations. For the neutrino mixing angles as well as ∆m . We take the values to which the models will be fitted from Ref. [67] and distinguish the following cases in our analysis:
The quality of fits with the inverted neutrino mass hierarchy had the same quality for both IH1 and IH2. Hence, we will stick in our discussion of results in Sec. 4 to the case IH2. While the other groups performing global neutrino fits do not have these two solutions, we decided to use the results from Ref. [67] , in order to have a test for the octant-dependence of the SO(10) fit results.
Higgs Mass and Quartic Coupling
Although the Higgs boson mass m H does not enter the SO(10) relations in Eqn. (3) there is interplay between m H and the fermion observables during renormalization group evolution.
In RGE in the non-supersymmetric case the Higgs quartic coupling λ appears, which in the SM is related to m H by
Recently, the ATLAS and CMS experiments at the Large Hadron Collider (LHC) have observed a new particle, which is in good agreement with a Standard Model Higgs boson, with the mass [70, 71] 
For our analysis we take a conservative estimate of the true Higgs mass, since there is no official combined analysis available. Our 1 σ interval shall overlap exactly the 1 σ intervals of the ATLAS and CMS experiments and we take the central value of this range as best-fit point. Thus, we take for our fits
The standard error propagation formula applied to Eqn. (7) then yields
Note that for fits at M GUT , i.e. without RG evolution, we do not take into account the Higgs mass, since in that case there is no restriction on λ from the other observables.
Supersymmetric Case
Above the supersymmetry breaking scale M SUSY , supersymmetry fixes λ to be 4 [75] λ(µ ≥ M SUSY ) = 1 4
Below M SUSY the Higgs mass receives radiative corrections, the leading one given in a rough approximation (within the MSSM) by [75] 
with µ t = √ m t M SUSY and all SUSY particles are assumed to have masses around M SUSY in this approximation. By varying M SUSY one can reproduce the measured value of m H as given in Eqns. (8) and (9) . Solving Eqn. (12) for M SUSY yields M SUSY ≈ 1 TeV. Since our main goal is to fit fermion masses and mixings within the SO(10) framework and not performing a detailed analysis of the MSSM, we do not specify M SUSY or the specific SUSY spectrum. Hence, we will not try to fit m H in the supersymmetric models.
3 In our convention the Higgs self-interaction term in the Lagrangian is − λ 4 (φ † φ) 2 . 4 We apply GUT normalization to the U(1) Y charge.
Renormalization Group Evolution
The relations in Eqn. (4) have to be obeyed at M GUT . Therefore, for a given set of SO(10) parameters, in order to calculate the model predictions for the observables one has to use RGEs and evolve the parameters down to the energy scale at which the observables are known. In addition one has to integrate out heavy degrees of freedom during this process at their mass scale. In our case this applies to the right-handed neutrinos (ν R i ), as their masses usually lie somewhere between 10 10 GeV and M GUT . After integrating out a degree of freedom one ends up with an effective field theory (EFT) and has to match coefficients of effective operators with parameters from the full theory. Since ν R i are not degenerate in general, one has to integrate out several times and thus has to use different EFTs during the evolution from M GUT to M Z . This formalism is nicely described in Refs. [18, 76] . We use the 1-loop β-functions as presented in Ref. [76] for the SM and MSSM, respectively (see also [77] ). The beta-functions are also presented in appendix B for reference. We should mention that we do not integrate out the top-quark below µ = m t (m t ), since the energy scales m t and M Z are quite close. Furthermore we assume M SUSY = M Z , i.e. we use the beta-functions of the MSSM for the evolution of parameters down to M Z in case of SUSY models, since this is just a small effect as long as the SUSY breaking scale is not too far away from M Z . We expect models being able to fit experimental data with M SUSY = M Z to be equally well suited to fit the data with M SUSY = 500 GeV or 1 TeV. Finally, since we do not specify the SUSY spectrum, we also do not consider SUSY threshold effects, which may have an impact for large tan β [10, 14, 78-83].
Results
In this section we present and discuss the results of our analysis. We quantify the deviation of model predictions by stating the pulls of all the observables considered. The pull of a model with respect to an observable y i is defined as
with the variables as defined in Eqn. (5) 
Different Sets of Observables
We will present the results of fits including RGE, where the input values are taken at µ = M Z , as well as the results of fits made without RGE, as explained in Sec. 1. Our full set of observables to which the models are fitted are the masses of quarks and charged leptons, mass-squared differences of neutrinos, mixing angles of quarks and leptons, the CP phase δ CKM in the CKM matrix and the Higgs quartic coupling λ. The full set of observables 
Minimal Model with 10 H + 126 H (MN, MS)
Let us start by comparing our program to previous fit results. In case of no RGE, our minimal χ 2 -value in the non-SUSY case is 1.1, to be compared with the value χ 2 min ≈ 0.7 in Ref. [14] . The SUSY model MS with normal neutrino mass hierarchy has been analyzed before (without RG evolution) [14, 32] , albeit with older data underlying the analyses. The results lie in the range between χ 2 min = 3.7 and χ 2 min = 5.1 in case of type I seesaw dominance. Our fits yield χ 2 min = 9.41, 9.72, and 10.45 for tan β = 50, 38, and 10, respectively. The results are summarized in Tbl. 5 and the best-fit values of observables and corresponding pulls, to be discussed below, are compiled in Tbls. 6 and 7.
With inverted neutrino mass hierarchy it was impossible to produce a good fit of this model, with χ 2 min > 200 (400) in case of SUSY (non-SUSY) models. Within SUSY versions of such models this observation has already been made by other authors [32] of neutrino parameters which can be sizable in the inverted hierarchy case. Therefore, our conclusion is more stringent. Since with the inverted hierarchy it is impossible to fit the data, we present only results for the normal neutrino mass hierarchy. We see that for the minimal models in the non-supersymmetric case, including the full RG analysis worsens the fit considerably, while doing the same for the SUSY model gives a better result than fitting without RG evolution (Tbl. 5). In case of non-SUSY models there is an additional constraint when fitting with RG evolution, since in that case we also consider the Higgs mass (see Sec. 3.2). Still, both non-SUSY and SUSY models can fit the data, the SUSY models being in better agreement. For the SUSY model we see no preferred value of tan β from our fits.
Let us now discuss the different contributions to χ 2 min . We show the best-fit values of observables and their corresponding pulls in Tbls. 6 and 7. In case of non-SUSY fits without RGE one observes that the dominating contribution to χ 2 min is due to the pull of the down-quark mass. In case of SUSY fits without RGE, we fit for the sake of better com- 
Higgs mass vs. top-quark mass:
The tension in the fit due to the top-quark mass is easily understood from the relatively light Higgs mass (and hence low quartic coupling λ). Namely, as well-known from the vacuum stability problem (for recent analyses, see Refs. [84] [85] [86] [87] [88] ), the beta-function governing the evolution of the Higgs quartic coupling λ, as given in appendix B.1, is dominated by the top-quark Yukawa, and drives λ towards negative values when going from low to high scale. Note that in our fit we start with λ ≥ 0 at the GUT scale, and hence do not have a problem of negative λ. Nevertheless, the "too large" top-quark mass causes some pressure on the fits. The large top-quark Yukawa coupling 5 favors a larger Higgs mass than experimentally established. This ultimately results in relatively large pulls for the top-quark mass in fits with RG evolution. Therefore, we also performed a fit of model MN without including the Higgs mass. As expected, the fit improves from χ Recall, however, that there is a discussion on the correct value of the top-quark mass as determined via kinematic reconstruction [52] [53] [54] . The top-quark mass determination at the TeVatron is based on the final state of the decay products. Another possibility is to reconstruct the top-quark mass from the total cross section in the top-quark pair production. This method is more rigorous from a theoretical perspective and yields a smaller top-quark mass (168.9 ± 3.5 GeV 6 [52] ) than the world average and has larger error bars. One can expect that the fit will improve when we use this lower top-quark mass. Indeed, χ 2 min reduces from 22.97 to 10.06. We summarize different fits with heavy and light top-quark in combination with and without Higgs in Tbl. 8. Let us remark again that intermediate scales and other details of the full scalar sector are neglected in our analysis. Hence, a more correct but model-dependent treatment of the evolution of λ might lead to 6 Note that this is the pole-mass m t (m t ), while the value given in Tbl. 2 is the mass at M Z in the M S scheme. Converting to M S using 1-loop matching [91] conditions and evolving to µ = M Z yields m t = 158.5 ± 3.2 GeV as the observable to be used in the fits with light top-quark mass. perfect compatibility of the measured Higgs mass and large top-quark mass (or make the problem worse). The evolution of λ with energy for the best-fit parameters of model MN with normal neutrino mass hierarchy and RG evolution is shown in Fig. 1 . Notice the kink between µ = 10 12 GeV and µ = 10 13 GeV, which results from integrating out the heaviest neutrino with a mass of M 3 ≃ 3.6×10
MN (NH, RGE) with
12 GeV (see Sec. 4.4). There is no further such kink at energies where the other heavy neutrinos are integrated out, since their contribution to the running of λ is negligible compared to the contribution of the top-quark.
Alternative Minimal Model with 126 H + 120 H
This model was analyzed only in the non-SUSY version (as it was originally proposed to be attractive in that case [22] ) and found to be unable to reproduce fermion masses and mixings. Although this result has been obtained previously [14] , only the normal hierarchy was considered, and no detailed RGE analysis was performed. In this work we used full RGE to arrive at our results, thus our conclusion is stronger. Further, we also checked and excluded the possibility of the inverted hierarchy. The supersymmetric version, that to the best of our knowledge has not been analyzed before, is also not an option to save this model (to safe CPU-time, we only fitted the case of tan β = 10). We find large χ 2 -values for this case as well and therefore we only present a table with the large χ 2 -values, see Tbl. 9. We note however that the normal neutrino mass hierarchy has significantly smaller, though still too large χ 2 -values. 
Model with 10 H + 126 H + 120 H (FN, FS)
This class of models, in spite of having one more Higgs representation, through the additional constraints (i.e. assuming spontaneous CP violation, see Sec. 2) has one parameter less than the minimal models. Nevertheless, it is not only able to fit the data, but reproduces the data even much better than the other models. This is especially the case for the SUSY versions of this model. Furthermore, these models are also able to fit the data with inverted neutrino mass hierarchy, which differentiates them clearly from the previous models. Since we do not observe a significant difference in the quality of fits of SUSY models with different values of tan β, we fitted this model only for tan β = 50 and tan β = 10, which again yield very similar results, as in the case of the 10 H +126 H model. Therefore we present here only the detailed results for tan β = 50. Our results are tabulated in Tbl. 10 and the best-fit values of observables and their pulls are compiled in Tbls. 11 and 12.
Let us first discuss the fits with normal hierarchy. This setup has been analyzed without RG evolution in the SUSY case in Refs. [13, 14, 56] with χ 2 min ranging between 0.01 and 0.33. The non-SUSY case has been fitted to data only in Ref. [14] and results in χ 2 min ∼ 10 −6 . Again we observe that fitting the non-SUSY version of this model including RG evolution significantly worsens the fit. The SUSY fits turn out to be even better than the non-SUSY fits. Here, fits with RGE as well as fits without RGE yield χ 2 -values that are essentially zero.
We now turn to the inverted hierarchy. In contrast to the 10 H + 126 H model an inverted neutrino mass hierarchy is viable here. The SUSY case with inverted hierarchy has been fitted to data in Ref. [56] , giving χ 2 min = 0.011, but RGE was not taken into account, which is especially important for the inverted hierarchy. We are not aware of any analysis of the non-SUSY case with inverted hierarchy. In our analysis, in the non-SUSY model the fit quality is approximately the same as in the normal hierarchy. Again, when fitting with RGE, inclusion of m H severely constrains the model. For FN in case of inverted hierarchy we again, as for MN with normal hierarchy, performed an additional fit without including the Higgs mass. As expected from the discussion in Sec. 4.1 the pull of the top-quark diminishes and we get χ 168.9 ± 3.5 GeV, finding χ 0.602 Table 12 : 18 Observables and pulls for model FS (18 free parameters) fitted assuming normal (NH) or inverted (IH) hierarchy. Masses are given in GeV, mass-squared differences in eV 2 . The value tan β = 50 is chosen here, with very little difference to other values.
Model Predictions
There are observables which have not yet been measured experimentally but are fixed by the fits we performed, so they can be understood as predictions of the models we analyzed. For instance, the effective mass m ν that governs the lifetime of neutrinoless double beta decay (0νββ), defined as [92, 93] ,
is of interest. Here U is the leptonic mixing matrix, α, β are Majorana phases and m i are the masses of light neutrinos. Additional parameters of interest are the leptonic CP violation phase δ l CP as relevant for oscillation experiments, and the lightest neutrino mass m 0 (m 0 = m 1 for NH and m 0 = m 3 for IH). We also present the masses of heavy neutrinos M i , though those are not really testable observables. We will discuss the non-SUSY case as well as the SUSY case. In case of SUSY models we will restrict the discussion to models with tan β = 50, since the results of models with other values of tan β are very similar. The numerical values are tabulated in Tbl. 13 .
There is still the question whether the atmospheric neutrino mixing angle, θ l 23 , deviates from maximal mixing. While the best-fit points of global neutrino fits usually are away from maximal, this is typically only a less than 2 σ effect (see Tbl. 2). In most of our fits the value of θ l 23 is fitted essentially at its best-fit point. Fig. 2 , especially the fits without RGE, the situation is similar to that of models FN and FS as presented in Fig. 2 .
No general conclusions can be drawn for leptonic CP phase δ l CP (this may be different if in future analyses the baryon asymmetry of the Universe as generated via thermal leptogenesis is also fitted). However, for neutrino masses, m i , M i and m ν , one can observe that in the normal hierarchy, models FN and FS predict a higher seesaw scale (M 3 ) than models MN and MS. The light neutrino masses and the effective mass for neutrinoless double beta decay are also larger in models FN and FS. As can be seen in Tbl. 13 , the values of essentially all parameters depend strongly on whether RG effects are taken into account or not. This shows quite strongly the necessity to include them.
Conclusions
In general, Grand Unified Theories and in particular models based on SO(10) offer intriguing frameworks to find an answer to the question of the origin of fermion masses and mixings. The various Yukawa coupling matrices of the fermions are related, and fits of those relations offer tests of the validity of the models. In this work we analyzed renormalizable SO(10) models based on 10 H + 126 H , 120 H + 126 H , and 10 H + 120 H + 126 H Higgs representations, assuming type I seesaw dominance. We considered non-supersymmetric as well as supersymmetric models with different values of tan β. More model-dependent effects of intermediate scales were neglected in our study, possibly influencing the results.
In non-SUSY models there is a connection between the RGE of fermion parameters and the RGE of the Higgs quartic coupling, which is especially important for the top-quark Yukawa coupling. From the Higgs quartic coupling and the Yukawa couplings of fermions at M GUT , the quartic coupling and hence the Higgs mass gets determined at low energies as well. Therefore we included the Higgs mass into our list of observables, which has not been done in the literature so far. Through their RGE interplay, the somewhat low mass of the Higgs leads to a preference for a low top-quark mass, as discussed in Sec. 4.1 in detail.
Further, we performed a complete 1-loop RGE from high scale, where the GUT relations for the various Yukawa matrices are valid, to the weak scale, at which the experimental data is available. This is a more consistent procedure than doing it the other way around. In addition, we treated right-handed neutrinos during RGE correctly and integrated them out one by one at their respective energy scales.
Finally, we gave the model predictions for several as yet unmeasured observables. These are the effective mass m ν relevant for neutrinoless double beta decay, the leptonic CP violating phase, δ l CP , the mass of the lightest neutrino, and, for completeness, the masses of the heavy neutrinos.
The results of our analysis are as follows:
• We showed that it is possible to fit the minimal setups MN and MS 8 (both with 10 H + 126 H Higgs representations responsible for fermion mass generation) in the case of the normal neutrino mass hierarchy, while both the non-SUSY (MN) and the SUSY (MS) cases do not work with the inverted hierarchy. The alternative minimal model (120 H + 126 H ) generates only very large χ 2 min -values, and is excluded for both possibilities of the neutrino mass hierarchy, as well as for the SUSY and non-SUSY cases. In contrast, models FN and FS (10 H + 120 H + 126 H ) have been shown to be able to reproduce both the normal and inverted hierarchy very well.
• For the non-SUSY models (MN and FN) we showed that fitting the Higgs mass leads to severe tensions for the top-quark mass, which is preferred to be more than 3 σ smaller than the experimental value. For model FN this is the only observable that cannot be fitted close to its experimental value, while for model MN also sin 2 θ l 23
deviates significantly, i.e. it is about 2 σ smaller than its experimentally measured value. The model sensitively depends on the value of sin 2 θ l 23 .
• Regarding the impact of the Higgs mass, we have fitted the models also with the lower top-quark mass that is extracted from the total cross section in the top-quark pair production, which has been argued to be more consistent and theoretically more rigorous. As expected, with this lower value of m t the fit improves considerably.
• An important conclusion is that predictions for the unknown parameters m ν , δ l CP , θ l 23 , as well as light and heavy neutrino masses, and the value of the χ 2 -minimum, depend on whether RGE is included or not. Thus we emphasize again the importance of inclusion of RGE when fitting SO(10) models defined at high energy scales.
We want to give a few comments on which questions remain open and could be addressed in the future. First of all, in our CPU-intensive analysis we neglected intermediate scales in the breaking scheme of the SO(10) GUT, as well as related gauge unification aspects. Moreover, the list of models we considered is not exhaustive, so one could analyze further models and compare analyses done with and without RGE. The models we considered either could or could not fit the data, irrespective of considering RGE or not. However, there may well be models where inclusion of RGE makes a difference between considering a model as viable or not. Since we restricted our analysis to the type I seesaw case it would be interesting to consider models in which either type II seesaw dominates or type I and type II seesaw contributions to neutrino mass are of equal order of magnitude. Further, the Yukawa sector is the most unsatisfactory part of gauge theories, as it comes along with a huge number of arbitrary parameters. Aspects such as Yukawa unification or the assumption of certain textures in the Yukawa couplings could be subject of future studies. This will help in unveiling structures in the Yukawa sector and provide hints to possible fundamental mechanisms governing the Yukawa structure of SO(10) gauge theories. Finally, the baryon asymmetry of the Universe as generated by thermal leptogenesis could be included as an additional observable in the fits. We leave these modifications and additions to future studies.
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B Beta-Functions for RG Evolution
To calculate the RGE of observables, RG equations for all parameters of the model under consideration have to be solved simultaneously. Here we summarize 1-loop RG equations for the SM and the MSSM extended by an arbitrary number of right-handed singlet neutrinos.
